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Abstract. 'We investigate the behaviour of resonances as a function of the coupling strength
between bound and unbound states on the basis of a simple S-matrix model. Resonance energies
and widths are calculated for well isolated, overlapping and strongly overlapping resonance
states. The formation of shorter and longer time scales (trapping effect) is traced. We illustrate
that the cross section resulis from an interference of all resonance states in spite of the fact thar
their lifetimes may be very different.

1. Intreduction

High-resolution investigations of resonance phenomena in chemical, atomic and nuclear
systems became possible in recent years. They require an adequate theoretical treatment of
the individual resonance states since it is insufficient, generally, to calculate average values
of, for example, the widths. '

As an example, intensive experimental investigations of the large angle heavy-ion
scattering have shown [1] that the standard nuclear reaction theory fails in describing the
data due to the very complex reaction mechanism. The presence in the excitation functions
* of both narrow and broad structures indicates that there is an interplay of various reaction
times, ranging from the lifetime of the compound nucleus to the time associated with shape
resonances in the ion—ion potential.'As a conclusion, the authors of {1] state ‘a challenging
problem is the development af a réaction theory whick encompasses simultaneously both
shorter and longer time scales so that gross, intermediate and/or fine structures and the
gradual dissolution of one into the other can be quantitatively described’.

‘Much effort has been devoted to the theoretical investigation of the resonance
phenomena at high level density [2-16]. The main result is the following: when the
resonances start to overlap, a redistribution of the spectroscopic values takes place. The
widths of a few resonance states increase while the widths of the remaining ones decrease.
The resulting separation ‘of different time scales may amount to more than one order of
magnitude. This so-cailed trapping effect is observed in the frame of different models
and in different many-particle systems such as nuclei and molecules. In these theoretical
investigations gross, intermediate and fine structures and the gradual dissolution of one into
the other can be waced.

The trapping effect occurs hierarchically [12]. In nuclear physics, this phenomenon is
described by the doorway picture. A similar mechanism is discussed recently in quantum
chemistry [15, 16]. The situation there corresponds to the most complicated one, in which
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long- and short-lived resonances appear and the interferences between them cannot be
neglected.

It is the aim of the present paper to investigate the S-matrix landscape and the
corresponding Argand diagrams together with the cross section as a function of the coupling
strength o between bound and unbound states. The coupling strength « determines the
degree of resonance overlapping. The S-matrix landscape obtained in our calculations
shows very clearly the formation of different time scales beyond a critical value o = oy,
At & 3> ooy the short-lived resonances are seen in low-resolution experiments while the
long-lived ones give almost no contribution to the cross section. In contrast fo this, the
long-lived resonances are relevant in high-resolution experiments where they appear on the
background of the short-lived resonances. At o = o3, short- and long-lived resonances
appear simultaneously.

In section 2 of the present paper, the model is sketched while the numerical results
obtained are presented in section 3 and discussed in section 4. Some conclusions are drawn
in the {ast section,

2. Model calcoiafions

The model used is described, for example, in {17]. For convention, it will be outlined here.
We are going to investigate a system of N bound states coupled to a set of A open
reaction channels. The total Hamiltonian of the system looks like

H= Z RAY-AIC AR Z f delxe(e))e(x(e)l + Z Z f de (| %) Vi () (xe(e) | + HO)

i, j=1 c=1 i=1
(1)

where |¥;),i = 1,7...,N, are the wavefunctions of the N bound states, |x.),c =
1,...,A, A &« N, denote the wavefunctions of A decay channels coupled to the bound
states by an interaction V° with components

VE(e) = (B 1VaV () i=1,...,N  e=1,...,A. @

The coupling vectors V¢ = [Vl . & are supposed to be pairwise orthogonal, so we
neglect direct (fast) reactions. The average value of the coupling matrix element

VE@P = —a ZZ} RAPEGHE 3)
=] ¢=1
is a measure of the coupling strength to the channels. Here, £ is the energy of the system.
In the following, we restrict ourselves to a finite energy region where the vectors V°
may be considered as energy-independent. Further, we restrict ourselves to time reversible
systems. In this case both, H;; and V° , are real.
We choose the N x N matrix H by drawing the matrix elements randomly from a
Gaugsian distribution with
H;=0 Hi=-124 @
For large N the spectrum is confined to the energy region |E| < 2 and the density of
states is given by Wigners semicircle law [19] .
The coupling vectors V¢ may be drawn either from a Gaussian with mean value zero
or chosen fixed so that (V)% = .
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The scattering matrix Sabra, b =1, ..., A, corresponding to the Hamiltonian (1) looks
like [17, 7]
. N
Sap(E) = 8qp — 27i Z Vi D3 (B)V) (5)
i j=1
where
A
Di{(E) = E&; — Hy +ix Y VFVf. (6)
c=1
Equatlons (5) and (6) allow us to find I:he S-matrix poles as the complex eigenvalues,
E; — 11",, of an effective Hamiltonian, H = Hj—in Emt VEvye
H @; = (E; - §ir;)®;. Q)

From these poles, the energies, E;, and widths, I';, of the resonances are found. It is just
equation (7) that is numerically treated in the present paper for a randomly chosen set of
Hi; and VE, V7.

Fmally, we have to emphasize that the model used works far from thresholds. It starts
with N resonance states and neglects the direct reaction part as well as channelchannel
coupling.

The model described above is used in the literature in many investigations. An explicit
expression for the two-point correlation function of S-matrix elements at different energies
has been obtained in [20]. The pole structure of the S-matrix is described in [3] and
extensively studied in [8-10] and—uwith particular emphasize on the one-channel case—
fn [21].

In the present work we investigate two other illuminating quantities namely the
landscape of S-matrix elements and the comresponding Argand diagrams. We relate the
corresponding results to those for the cross sections oy = |86 — Ses(E)|? and show how
the regimes of small, intermediate and strong coupling between bound states and continua

_show up.

As opposed to most of the previous work on this subject, we are nor interested in the
ensemble-averaged properties of the described model, but rather in typical features of a
single Hamiltonian of the given type. Indeed, both the structure of the Argand diagrams as
well as that one of cross sections and landscapes would be smeared out by an averaging.
By choesing different realizations of H and V, we checked that the results obtained by us
and discussed below are typical.

In the present paper we investigate S-matrix landscapes as well as total reaction cross
sections and Argand diagrams. The Argand diagrams represent the energy-dependent
location of the S-matrix values in the (Re Sy, Im Si,)-plane for real values of energy E.
Argand diagrams are a faitly proper tool to display the phase § = arctan (%ﬁ—gg%) of the
S-matrix elements, L ‘

3. Results

We have calculated the widths of the resonant states, the landscapes of |S1,(E},n =
1,2, 3, in the complex energy plane (i.e. the lines of equal values of |S,(E} in the
. (Re(E), Im (E))-plane), the elastic and inelastic cross sections o1, = |81, — S (E)|%, n =
1,2,3, and Argand diagrams for N = 16 resonance states and A = 3 channels.

The coupling strength  is varied between o = 0.002 and o = 2.000. This corresponds
to a T'/d ~ 0.15 to T'/d ~ 200 (where T and d denote the average resonance widths
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Table 1. Mean degree of overlap T'/d of all {(second column)} and all but the three broadest
resonances (third column) as a function of e .

« T/ .2

0.002 ¢15 012
0.010 077 051
0.015 120 066
0.020 163 075
0100 1020 0.70
2.000 20254 0.04

Figure 1, The widths I';,{ = 1, ..., ¥, in dependence on the coupling strength . The ¥ = 16
bound states are distributed randemly. The caleulation is performed in steps of Awx = 0.002.

and distances, respectively), so covering an area from well isolated to strongly overlapping
resonances, see table 1.

In figure 1 we have shown all '), 7 = 1, ..., N, in order to illustrate the critical vailue
& = Ol around which the redistribution of resonance widths takes place. This process of
redistribution is followed in figure 2 by depicting three relevant quantities as functions of
o the landsapes, cross sections and Argand diagrams.

In the left part of figure 2, the motion of the poles of $1; can be seen from the
|S11{E)|-landscapes, while in the middle the cross section is represented and in the right-
hand part the Argand diagrams. A significant absorption into other channels can be
seen, |S11(E)| < 1. Note that for all regarded cases Sy; in the Argand diagrams moves
counterclockwise with growing energies. This behaviour is in line with investigations of
more realistic models carried out by Cassing et al [22].

As long as the coupling strength o is small, o = 0.002, all the poles of the S-matrix are
close to the real energy axis (figure 2(a)). This region is enlarged represented in figure 3(a).

The phase, 3, of 53, § = arctan(%%-{%), is concentrated near & = 0 (see the right-
band column of figure 2). The Argand diagram makes a circle-like move in the vicinity of
resonance energies. In correspondence to this, the cross section, o , shows almost isolated
resonances.
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Figure 2, Landscape of |$11(E)| over the complex energy plane, the elastic coupling cross
sections oy (E} = [1 — 5;;(E)[%, and Argand diagrams for N = 16 resonances and A = 3
open channels for different values of the coupling constant o: (¢} @ = 0.002, (b} « = 0.010,
(c) & = 0.015, (d) o = 0.020, () & = 0.100, (f) & = 2.000, corresponding to T'/d =
0.15,0.77, 1.20, 1.63, 10.20 and 20254, respectively. The contour lines in the left column
correspond to [S11(E} = 1.0, ..., 5.0 and are equidistan¢ with a difference of A|S)1{E} =0.1
for {a)—(d), while they comespond to |S11(E)| = 1.0, ...,20.0 with Al811(E)} = 0.5 for (e)
and to [$11(E)| = 1.0,...,8L.0, A|S(1(E)| = 4.0 for (f). Note the different Im (E)-scale on
the left-hand side of () and (f)!
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(a)
ce=00
(&)
=01
{e)
=20
Figure 3. Enlarged details of figures 2(2), (¢)
and {f), correspondingly, showing the landscape
of |811(E} near the real energy axis. Here,
the contour lines correspond to |Sp{E)} =
LO,.... 1.2, AlS1{E)] = 0.01 for (q), and to
[S1(E) = 1.0,...,5.0, AlS11(E) = 0.1 for (&).
For (¢) the contour lines run from |S13(E)| =
! . . . 1.00,....1.10 with a step of A|S11{(E)| = 0.01
-25 -1 G 10 .25 and from |[Sp(EY = I1.1,...,2.0 with a step of
RelE} AlS11(E)| = 0.1. Note the different Im (E) scales!

At o = 0.010 (figure 2(b)), o = 0.015 (figure 2(c)), o = 0.020 (figure 2(d)) three poles
are separating from the other ones. The remaining 13 poles can be identified with a proper
energy resolution. The cross section, oy, no Jonger shows well isolated resonances. The
Argand diagram occupies the whole space allowed due to the unitarity of the S-matrix. The
- slopes and kinks correspond to energies, where a broad resonance passes (in Re (E)) near
4 narrow one (e.g. near £ = 0.025, E is in arbitrary units).

The next coupling strength, o = 0.100 (figure 2(e)) is well beyond the critical region.
Here, the three broad resonances in the cross sections are clearly formed (see columns 2
and 3 of table 1, where the overlap of the narrow resonances, 1,/d, is compared to the
total overlap T /d). This cormesponds to the fact that A = 3 decay channels are open. The
landscape near the real axis is shown in figure 3(b).

A further growing of the coupling strength, ¢ = 2.000 (figure 2(f')), causes the formation
of dips instead of resonances in the cross section. Three poles are well separated from the
other ones (as a consequence of the small number of open decay channels A = 3 < N).
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Fignre 4. The ibelastic reaction cross sections op(E) = |$2(E)? and

o13(E) = |13 (E}?, and the corresponding Argand diagrams for N = 16 resonances, A =3
open decay channels and o = 2 000. - :

Their widths are much larger than the widths of the long-lived resonances near the real
energy axis. The latter are shown in another scale in figure 3{c) (note the smaller steps
of |S;;(E)] in the region 1.00-1.10). One cleatly sees, that an accurate description of
all resonances requires two energy resolution scales, at least in the presented theoretical
treatment. For nearly all energies the phase of i1 is now concentrated at an argument of
§ = x that corresponds to the formation of dips in the cress section.

The cross sections and Argand diagrams for & = 2,000 corresponding to the inelas-
tic channels 1 = 2 and 1 = 3 are shown in figure 4. Here, the cross sections show
isolated resonances and the Argand diagrams are concentrated at small Re (850), Im (S53)
and Re (S13), Im (S13), respectively. Note, that direct channel—channel coupling has been
neglected in our calculations.

4 Discussion of the results

The study of Argand diagrams enables us fo clarify the role of the unitarity of the S-matrix,
518 = 1, in the interference picture of the cross section in each reaction channel.

For well isolated resonances, e.g. figure 2(a), the Argand diagram represents a unit circle
around the origin in the complex Sy;-plane. So, in the regarded channel in the vicinity of
the resonance energy nearly all flux is concentrated on this resonance. The interferences
with other states are negligible.

A growing coupling constant & causes a strontger mtcrference with other resonances.
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Near & = tqe it can no longer be neglected, cf figures 2(b)-2(d), because an intensive
exchange between resonances and different channels takes place. Here, the resonances start
to overlap, cf table 1. Intermediate and fine structures appear in the cross section.

Further growing of the coupling strength ¢ causes the phase & of 5); preferably to be
near § = 7, see figure 2{f ). This means that the resonances appear on a large background in
the elastic channel. Due to the unitarity of the S-matrix, this is possible only by formation
of (isolated) dips in the cross section instead of (isolated) resonances (figure 2(f)). The
interference between short- and long-lived resonances becomes important: the averaged
elastic cross section is not larger but smaller than the cross section caused by the short-lived
states alone (for a numerical example see [18]). In the inelastic channels, resonances appear.

All three quantities investigated by us point to the reorganization taking place in
changing the coupling strength o« from small to large values. So in the extreme cases of very
weak and very strong coupling, crucial variations in the cross sections from resonances to
dips can be followed up by a regroupment in the Argand diagrams. The Argand diagrams for
these two extreme cases are concentrated either near Re §11(E) ~ 1 or near Re 81, (E) ~ -1,
in agreement with the interference picture of the cross section. In any case, examining
the Argand diagrams (energy dependence of the S-matrix phase)} allows us to wwace the
interference picture.

Regarding the landscapes of [$1;(F)| one must state that in investigations with
different resolutions, different S-matrix poles are relevant. The long-lived resonances in
figure 3(b), (c) and the short lived ones in figure 2{e), cannot be seen simuitaneously,

These results show how gross, intermediate and fine structures arise in the cross section.
They can be described only if the interferences between all resonances are taken into account.

5. Conclusions

We investigated the resonance phenomena as a function of the degree of overlap simulated
in our calculations by the coupling strtength o between bound and unbound states. We
traced the picture from a situation with well isolated resonances to that one with strongly
overlapping resonances. In any case, the theoretical description encompasses simultaneously
both shorter and larger time scales, Most interesting is the critical region, ¢y = 0.010-
0.020, corresponding to T'/d 2 0.8—1.6, where the separation of different time scales starts.
Here, the resonances overlap and the Argand diagram has a complicated structure. The cross
section results from an interference picture to which all resonances give a contribution.

We also investigated the separation of different types of S-matrix poles. Our model
provides a good demonstration of the trapping phenomenon for the relatively low number,
N = 16, of resonances. The results illustrate the formation of gross, intermediate and fine
structures in the cross section corresponding to the existence of different time scales of the
process.

The existence of a hierarchy of short and long living states is known in nuclear physics
studies, e.g. in heavy ion scattering. It is, however, also discussed in many-body scattering
problems of molecular physics and in problems of atomic and solid-state physics, as well
as in the scattering of electrons or light waves by disordered media.
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